Abstract. In this paper, we prove some fixed point theorems in complete G-metric spaces for self mappings satisfying different contractive conditions depended an another function. We also discuss that these mappings are G-continuous on such a fixed point.
Introduction and preliminaries
In 1992, Dhage [1] introduced the concept of a D-metric space. The situation for a D-metric space is quite different from 2-metric spaces. Geometrically, a D-metric D(x, y, z) represents the parameter of the triangle with vertices x, y, z in R 2 . Recently, Mustafa and Sims [3] showed that most of the results concerning Dhage's D-metric spaces are invalid. Therefore they introduced the improved version of the generalized metric space structure and called it a G-metric space. For more details of G-metric spaces, one can refer to the papers [2] - [11] . Now we give preliminaries and basic definitions which are helpful for proving our main results.
In 2004, Mustafa and Sims [4] introduced the concept of G-metric spaces as follows.
Definition 1.
[4] Let X be a nonempty set and let G : X × X × X → R + be a function satisfying the following axioms:
(G 1 ) G(x, y, z) = 0 if x = y = z, (G 2 ) 0 < G(x, x, y), for all x, y ∈ X with x = y, (G 3 ) G(x, x, y) ≤ G(x, y, z), for all x, y, z ∈ X with z = y, (G 4 ) G(x, y, z) = G(x, z, y) = G(y, z, x) = . . . (symmetry in all three variables),
Proposition 4. [4]
A G-metric space (X, G) is said to be G-complete if and only if (X, d G ) is a complete metric space.
Proposition 5.
[4] Let (X, G) be a G-metric space. Then, for any x, y, z, a ∈ X, it follows that:
Lemma 1.
[11] Let (X, G) be a G-metric space and T be a self map on X satisfying
for all x, y, z ∈ X, where 0 ≤ q < 1 and
Main results
Theorem 1. Let (X, G) be a complete G-metric space and let S, T : X → X such that T is one-to-one and satisfy
for all x, y, z ∈ X and 0 ≤ k < 1. Then S has a unique common fixed point and S is G-continuous at the fixed point.
Proof. Let x 0 be an arbitrary point in X. We define the iterative sequence {x n } by x n+1 = Sx n = S n+1 x 0 for n = 0, 1, 2, . . .. Putting x = x n , y = x n+1 and z = x n+1 in (3), we have 
It follows from (3) that
and by Lemma 1, we have {T x n } is a G-Cauchy sequence in X. Since (X, G) is a complete G-metric space, there exists u ∈ X such that T x n → u.
Suppose that T S(u) = T u. Then by using (2), we have
Taking the limit as n → ∞ and using the fact that G is a continuous function in its variables, we obtain
a contradiction as 0 ≤ k < 1. Hence T Su = T u. Since T is one-to-one, we have Su = u and so u is a fixed point of S.
To prove its uniqueness, suppose that v is a second distinct fixed point of S. Then from the injectivity of T we get Su = Sv, a contradiction. Hence the fixed point is unique. Now let {y n } be any sequence in X such that lim n→∞ T y n = T u. Then by using (2), we have
G(T u, T Su, T Su), G(T u, T Sy n , T Sy n ) .
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This reduces to
= k max G(T y n , T Sy n , T Sy n ), G(T y n , T u, T u) .
Taking the limit as n → ∞, we have G(T u, T Sy n , T Sy n ) → 0 and by definition of G-continuity of a G-metric space (X, G), we have T Sy n → T u = T Su, since T is one-to-one. Therefore Sy n → u = Su which implies that S is G-continuous at u.
Corollary 1. Let (X, G) be a complete G-metric space and let S, T : X → X such that T is one-to-one and satisfies
2 for all x, y, z ∈ X, m ∈ N and 0 ≤ k < 1. Then S has a unique common fixed point and S m is G-continuous at the fixed point.
Proof. On the lines of Theorem 1, one can easily see that S m has a unique fixed point, say u, and that S m is G-continuous at u. But Su = S(S m u) = S m+1 u = S m (Su), and so Su is another fixed point of S m . Thus, by the uniqueness we have Su = u and so u is the unique fixed point of S. Theorem 2. Let (X, G) be a complete G-metric space and let S, T : X → X such that T is one-to-one and satisfies (6) G(T Sx, T Sy, T Sz) ≤ ≤ k max G(T x, T Sx, T Sx) + G(T y, T Sy, T Sy) + G(T z, T Sz, T Sz),
G(T x, T Sy, T Sy) + G(T y, T Sx, T Sx) + G(T z, T Sy, T Sy), G(T x, T Sz, T Sz) + G(T y, T Sz, T Sz) + G(T z, T Sx, T Sx)
for all x, y, z ∈ X and 0 ≤ k < . Then S has a unique common fixed point and S is G-continuous at the fixed point.
Proof. Let x 0 be an arbitrary point in X. We define the iterative sequence {x n } by x n+1 = Sx n = S n+1 x 0 , n = 0, 1, 2, . . ..
We now prove that {x n } is a G-Cauchy sequence in X. Let x = x n , y = x n+1 and z = x n+1 in (6). We then have
Then, using (7), we get
where q = k 1−2k and q < 1, as 0 ≤ k ≤ 
Then (7) reduces to
Now using G 5 of Definition 1, we have
Now (8) becomes
where again q = k 1−2k and q < 1. Thus, by Lemma 12, we have {T x n } is a G-Cauchy sequence in X.
Hence in all cases, the sequence {T x n } is a G-Cauchy sequence in X and since (X, G) is a complete G-metric space, there exists u ∈ X such that T x n → u.
Suppose, if possible, that T S(u) = T u. Then by using (6), we have
. Hence T Su = T u and since T is one-to-one, we have Su = u. Hence u is a fixed point of S.
To prove its uniqueness, suppose that v is a second fixed point of S. Then by (6), we have
Now, by the same argument, we obtain
and so
a contradiction, since q < 1. Therefore u = v, proving the uniqueness. Now let {y n } be any sequence in X such that lim n→∞ T y n = T u, then by using (6), we have = {G(T y n , T Sy n , T Sy n ) + 2G(T u, T Su, T Su)}.
Then (10) reduces to G(T Sy n , T Su, T Su) ≤ k max G(T y n , T Sy n , T Sy n ) + 2G(T u, T Su, T Su) .
Letting limit n → ∞ and using TSu = Tu and Ty n → T u, we have (11) G(T Sy n , T u, T u) ≤ k max G(T u, T Sy n , T Sy n ) + 2G(T u, T u, T u)
= kG(T u, T Sy n , T Sy n ).
By (iii) of Proposition 5, G(T u, T Sy n , T Sy n ) ≤ 2G(T y n , T u, T u). This implies that (11) reduces to G(T Sy n , T u, T u) ≤ 0. But G(T Sy n , T u, T u) ≥ 0. Hence G(T Sy n , T u, T u) = 0. So T Sy n → T u = T Su. Since T is one-toone, therefore Sy n → u = Su.
This implies that S is G-continuous at u.
